For a regular biordered set E, the notion of E-diagram and the associated regular semigroup was introduced in our previous paper (1995). Given a regular biordered set E, an E-diagram in a category C is a collection of objects, indexed by the elements of E and morphisms of C satisfying certain compatibility conditions. With such an E-diagram A we associate a regular semigroup Reg E (A) having E as its biordered set of idempotents. This regular semigroup is analogous to automorphism group of a group. This paper provides an application of Reg E (A) to the idempotent-separating extensions of regular semigroups. We introduced the concept of crossed pair and used it to describe all extensions of a regular semigroup S by a group E-diagram A. In this paper, the necessary and sufficient condition for the existence of an extension of S by A is provided. Also we study cohomology and obstruction theories and find a relationship with extension theory for regular semigroups.
Lemma 1.6 [9, Lemma 4.1] . Let π : T → S be an idempotent-separating onto homomorphism of regular semigroups. If tπ = uπ = x, t,u ∈ T, x ∈ S, then for each e ∈ E(S) ∩ L x , there exists a unique element a ∈ T such that u = ta and aπ = e. Definition 1.7. Let GR be the category of groups. By an E-diagram in GR we mean a functor A : C(E) → GR which factors through C(B(E)). In other words, a functor A : C(E) → GR is an E-diagram in GR if there is a (necessarily unique) functorÂ : C(B(E)) → GR such that A =Âε B(E) .
Observe that if A is an E-diagram in GR, then for any two morphisms (e,c), (e,c ) : e → f in C(E), A(e,c) = A(e,c ) whenever ε B(E) (c) = ε B(E) (c ).
Let A be a contravariant E-diagram in GR. Then there exists a contravariant functor A : C(B(E)) → GR such that A =Âε B(E) . For each e ∈ E, let A e denote the composite Define G(A) to be the category whose objects are the elements of E. A morphism e → f is a pair of (α,φ) consisting of an ω-isomorphism α : ω(e) → ω( f ) and a natural isomorphism φ :
C(α), where C(α) : C(ω(e)) → C(ω( f )) is the functor defined by the ω-isomorphism α, and A f C(α) is the composite

C ω(e)
C(α)
−−−→ C ω( f )
A f −−→ GR. (1.5) Note that the natural isomorphism φ assigns to each object h in C(ω(e)) an isomorphism φ h : A h → A (h)α such that, for any morphism (h,c) : h → k in C(ω(e)), the following diagram commutes: for all h ∈ ω(e). For each object e, (1 e ,1 e ) : e → e, where 1 e : ω(e) → ω(e) is the identity ω-isomorphism and 1 e : A e → A e is the identity isomorphism, is the identity morphism of e. For an E-chain c = c(e 0 ,e 1 ,...,e n ) ∈ G(E), define ε : G(E) → G(A) by ε(c) = (α c ,φ c ),
A. Tamilarasi 2949 where α c : ω(e 0 ) → ω(e n ) and φ c : A e0 → A en C(α c ) are such that (h)α c = (h)τ E (c) = τ e 0 ,e 1 τ e 1 ,e 2 ···τ e n−1 ,e n , (1.8) τ E : G(E) → T * (E) is the evaluation map of the inductive groupoid T * (E) of ω-isomorphism of E, and φ h c = A(h,h * c) −1 : A h → A (h)α c for every h ∈ ω(e 0 ). By [10] , it follows that (G(A),ε) is an inductive groupoid.
Let A : C(E) → GR be an E-diagram in GR. Let Reg E (A) be the quotient of G(A) by the equivalence relation ρ, where for any two morphisms (α,φ) : e → f , (β,Ψ) : f → g in G(A), 
Idempotent-separating extensions of regular semigroups
Consider a regular semigroup T and an idempotent-separating homomorphism π : T → S of T onto S. Let Kerπ : D(T) → GR be the group-valued functor defined by the kernel of π. The inverse i = (π/E(T))
(T) of the biorder isomorphism π/E(T) : E(T) → E(S) = E extends to an idempotent-separating homomorphismî : B(E) → T by [13, Theorem 6.9] and hence induces a functor D(î) : D(B(E)) → D(T). If π 1 : C(E) → D(B(E))
denotes the functor e,c e 0 ,...,e n −→ e,e 0 e 1 ··· e n ,e n e n−1 ··· e 0 , (2.1) then the composite
is a group E-diagram which factors through D(B(E)). Thus A e π = {t ∈ T : tπ = e} for each object e of C(E) and 
and therefore the diagram 
Hence, by Definition 1.1, Inn E (A) is a group kernel normal system in Reg E (A).
Let Reg E (A)/ Inn E (A) be the quotient of Reg E (A) by the idempotent-separating congruence determined by Inn E (A) (see Proposition 1.2) and let 
is exact in the sense that t is an idempotent-separating onto homomorphism and the sequence
is an exact sequence of groups for each e ∈ E.
Since A factors through D(B(E)), so is the centre Z(A) : C(E) → Ab. Let Reg E (Z(A)) be the regular semigroup of partial isomorphisms of Z(A). If (α,φ) : e → f is a morphism in G(A), then for each h ∈ ω(e), φ h : A h → A (h)α induces by restriction an isomorphism φ h :
Thus we have an idempotent-separating homomorphism
. If x ∈ A e , then clearly η x : Z(A) e → Z(A) e is the identity natural isomorphism. Hence, u induces an idempotent-separating homomorphism (2.14) such that tv = u. This defines an equivalence relation on any set of extensions of S by A. Given an extension ε T = (T,π,U) of S by A, we usually identify A with A π so that U = 1, the identity natural isomorphism on A.
Let ε T = (T,π,1) be an extension of S by A and let Reg E (A) be the regular semigroup of partial isomorphisms of A. We define a map µ :
and the natural isomorphism Ψ(x,x ) :
The element (x)µ is independent of the chosen x ∈ V (x), and x → (x)µ defines an idempotent-separating homomorphism µ : in A e , then from (2.17) and (2.18) we obtain 
is commutative. Here as in [13] , θ S denotes the fundamental representation of S and θ A is the idempotent-separating homomorphism induced by the fundamental representation Note that if (ii) holds for one x ∈ V (x), then it holds for all x ∈ V (x). The rest of the section is devoted to a description of extensions of S by A which induce the given abstract kernel Ψ. We first fix some notation and develop necessary preliminaries for this purpose.
Remark 2.9. Suppose A is a covariant E-diagram in an arbitrary category C which factors through D(B(E)). That is, there is a (necessarily unique) functorÂ :
is commutative, where π 1 : (e,c(e 0 ,e 1 ,...,e n )) → [e,e 0 e 1 ··· e n ,e n e n−1 ··· e 0 ] :
−−→ C(B(E)) → D(B(E)). In this case, for any idempotent-separating homomorphism µ : S → Reg E (A) with µθ S = θ A , the associated covariant functor A µ : C(S) → C : (A µ ) e = A e ; e ∈ C(S) and A µ (e,x,x ) = (φ xx (x,x )) −1 A(e,xx ) for each morphism (e,x,x ) : e → f of C(S) factors through D(S). We denote the functor
We write
If f ω l e, then we write
where
and
If, in addition, h ∈ S(e,g) (this happens, e.g., f Le), then
, gω l e, gω r f , then g ∈ S(e,g f ), g f ω l h f , and
If, in addition, g ∈ S(e, f ), then
, and
Proof. By Remark 2.9, it is sufficient to prove (i)-(ii) replacing A by the functor π 1 :
. We frequently use (1.2) to prove the lemma.
)). This proves (i).
(ii) Let f ω l e and h ∈ S( f ,g). Then clearly h ∈ S(e,hg), and
hg)). If h ∈ S(e,g), then D(h,e,g) = D(h,e,hg)
. Therefore, the second statement follows from the first.
(
(iv) Clearly g ∈ S(e,g f ) and g f ω l h f . By taking k = g f in (iii) and observing
(vi)
The proof of the lemma is complete.
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We fix once and for all a map * :
is an abstract kernel, and let σ : S → Reg E (A) be a map such that (x)σ ∈ (x)Ψ, for every x ∈ S. By Remark 2.9(ii) and by [13] , each (x)σ has a unique representative in G(A) with domain xx * and range x * x. We denote this morphism by (α(x),φ(x)) : xx
Using σ we will define a biaction of S on the disjoint union
(2.37) 
where η :
Since (x)σ, (x)σ belong to the same class (x)Ψ, by Proposition 2.5, there must be elements (
be unique representatives of (x)σ and (x)σ with domain xx * and range x * x.
for every e ∈ ω(xx * ). Hence, for h ∈ S(y * y,xx * ),
2958 Idempotent-separating extensions of regular semigroups Let Ψ be an abstract kernel and let σ, p be maps satisfying Definition 2.12(i) and (ii). In the next two lemmas, we establish some of the essential properties of the biaction • of S on A induced by σ. 
is commutative. Now, using Lemma 2.10(i) twice, we get 
With these preliminaries we are now in a position to describe the extensions of S by A which induce the given abstract kernel Ψ. 
is commutative. Since (e,c(e 0 ,...,e n )) = (e,e 0 )(e 0 ,c(e 0 ,e 1 ))···(e n−1 ,c(e n−1 ,e n )), it is enough to prove the commutativity of the diagram for morphisms of the form (e,c(e, f )), 
Then the proof of Theorem 2.15 shows that (x,a) * ∈ V (x,a). Let µ : T p → Reg E (A) be the idempotent-separating homomorphism defined by (2.8). Then
The proof of the theorem follows once we show that the representative (β(x j,(x j) * ), Ψ(x j,(x j) * )) : xx * → x * x of (x) jµ and the representative (α(x),φ(x)) : xx * → x * x of (x)σ in G(A) are equal. From Remark 2.8(ii) and (2.13) it is clear that 
where µ is as in (2.16) .
Theorem 2.18. Let ε T = (T,π,1) be an extension of S by A with abstract kernel Ψ :
Then ε T is equivalent to a crossed extension of the form (S,σ, p,A) with abstract kernel Ψ.
Proof. Let µ : T → Reg E (A) be the idempotent-separating homomorphism defined by (2.16). Using the commutativity of diagram (2.20), it is easy to see that every element in the class (x)Ψ is of the form [β(u,u ),Ψ(u,u )] for some u ∈ T, u ∈ V (u), with uπ = x. So there is a map j : S → T, with jπ = 1 S , such that jµ = σ; in particular (x)σ ∈ (x)Ψ for every x ∈ S. Since ((x j)(y j))π = (x) jπ(y) jπ = xy = (xy) jπ, Lemma 1.6 defines a function p :
, where • denotes the biaction of S on A induced by σ. Since the multiplication in T is associative, by Lemma 1.6,
Thus (σ, p) is a crossed pair. Next we show that the extension ε T is equivalent to a crossed extension (S,σ, p,A). a)θ(y,b) θ. From Lemma 1.6, we see that θ is a bijection and therefore an isomorphism. (S,σ, p,A) .This completes the proof of Theorem 2.18.
Combining Theorems 2.15, 2.16, and 2.18, we obtain a complete description of extensions of S by A which induce the given abstract kernel Ψ in terms of the crossed pairs (σ, p).
Obstructions to extensions
Let S I be the regular semigroup obtained from S by adjoining an identity element I (I ∈ S). Extend the map * : S → S (see (2. 
We identify a ∈ Γ x with (a, 1,x,1 ) in G x . For n ≥ 0, let x n be the free D(S I )-module on the D(S I ) 0 -set Γ n , where, for n ≥ 1,
and, for n = 0,
Now we recall [5, Theorem 2.3] : the complex
is called the standard resolution of Z S I .
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..,n}, n ≥ 1, and Γ n = ∪Γ n (x), x ∈ S I . Then the D(S I ) 0 -set Γ n freely generates a D(S I )-submodule X n of X n . Put X 0 = X 0 . Define ∂ n as before, putting [u 1 ,...,u n ] = 0 whenever one of the u i is one. Then we obtain another projective resolution
Definition 3.1. The nth cohomology group of S I with coefficients in G, denoted by H n (S I , G), is defined by
The Let σ : S → Reg E (A) be any map such that (x)σ ∈ (x)Ψ. As before for each x ∈ S, let (α(x),φ(x)) : xx * → x * x denote the unique representative of (x)σ in G(A) with domain xx * and range x * x and let (α(x),φ(x)) : xx * → x * x denote the element of G(Z(A)) determined by (α(x),φ(x)) (see (2.13)) so that (x)Ψv = (x)σu = [α(x),φ(x)]. The biaction of S on A defined by σ induces by restriction a biaction of S on Z(A) which coincides with the one induced by the composite Ψv = σu : S → Reg E (A) → Reg E (Z(A) ). In particular, the induced biaction of S on Z(A) is independent of the chosen σ. We next see the relation between this biaction and the functorŽ(A) 0 F : 
(3.23)
Hence, the outer diagram is commutative. Now
Hence, the proof of the lemma is complete.
Let σ and p be as before. Using (3.17) and Lemma 3.2, we get
Since the multiplication in Reg E (A) is associative, by Lemma 1.6,
The exactness of the sequence in Proposition 2.5 gives us a 3-cochain k :
for all x, y,z ∈ S.
Proof. We must show that k satisfies (3.14) . Let x, y,z,t ∈ S. Following [11] , it is easy to calculate the expression
2972 Idempotent-separating extensions of regular semigroups in two ways. In the first way using (3.27) and Lemma 2.14, we easily get
In the second way also using Lemma 2.14(iii) to the term ((x, y)
Using (3.27) to the first two terms and since (xy,z,t)k ∈ Z(A) xyzt , (x, y,zt)k ∈ Z(A) xyzt , we finally get
Comparison gives
Hence, by (3.14) k is a 3-cocycle. S,σ, q,A) by Theorem 2.18, it follows that ξ is surjective. The proof of the theorem is complete. Theorems 3.6 and 3.8 generalize the corresponding results for inverse semigroups due to Lausch [4] .
